KPP reaction-diffusion equations with a non-linear 

loss inside a cylinder 



Thomas Giletti * 
2009 

Abstract 

We consider in this paper a reaction-diffusion system in presence of a flow and 
under a KPP hypothesis. While the case of a single-equation has been extensively 
studied since the pioneering Kolmogorov-Petrovski-Piskunov paper, the study of the 
corresponding system with a Lewis number not equal to 1 is still quite open. Here, 
we will prove some results about the existence of travelling fronts and generalized 
travelling fronts solutions of such a system with the presence of a non-linear space- 
dependent loss term inside the domain. In particular, we will point out the existence 
of a minimal speed, above which any real value is an admissible speed. We will also 
give some spreading results for initial conditions decaying exponentially at infinity. 

1 Introduction and main results 

There has been a lot of interest in the past years about the effect of flows on the quaUtative 
and quantitative behavior of solutions of reaction-diffusion equations. At first, most of 
the mathematical analysis only dealt with the flow effect for a single reaction-diffusion 
equation, studying the existence of travelling fronts [U [9l [HI [351 ISSl [371 [3H], the behavior 
of the speed of propagation [2l[71[8l[l3l[2ll[22l[26l[3l], and flame quenching [H [M]. See 
also in [HI I3B] for reviews of this mathematical area. But recent papers have extended 
this analysis both in one-dimensional [T71 [321 [S3] and multi-dimensional jBl [ISl [ISl [IHl I 
settings to the following system 



Tt + u{y)T, = AT + f{T)Y, 

Yt + uiy)Y, = Le''AY-fiT)Y. 
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This problem is posed in a cylinder Q = M.^ x Uy G M'^ where a; is a smooth bounded 
domain of M'^^^, with various boundary conditions . We also assume that u G C^'°'{uJ) 
(for some a > 0) is the first component of a divergence-free shear flow {u{y),0) with zero 
average: 



Although this system describes various processes in nature, ranging from chemical and 
biological contexts (such as predator-prey systems |29[ l30] ) to combustion and many- 
particle systems, we will here invoke, to fix the ideas, the "combustion" terminology and 
refer to the function T as "temperature" and to the function Y as "concentration". The 
Lewis number Le is then the ratio of the thermal and material diffusivities. 
This system is said to be of the KPP-type if / G (^""^([O, +00); M) and 



Under this hypothesis, some results have been shown both in the adiabatic case [20], and 
in the case of heat loss on the boundary j6l [19], that is with homogeneous Neumann and 
Robin boundary conditions. See also [TS] for some extensions to periodic media with linear 
heat loss on the boundary. In particular, a sufficient condition has been presented for the 
existence of travelling fronts, and qualitative properties have been shown to describe such 
solutions. One of the tools was based on the study of a principal eigenvalue problem in 
the domain u, which also permitted to establish criteria for the blow-off and propagation 
of the solution of the associated Cauchy problem. 

Remark 1 Note that without the KPP hypothesis, the situation is much less clear. For 
instance, for nonlinearities f{T) of the ignition type (that is, when there exists an ignition 
temperature ^ > such that /(T) = for T < 9 and /(T) > for T > 9), existence 
of travelling waves was established only for the Lewis numbers close to 1 in flS], or in 
dimension 1 in |10[ |32| [33] . 

In this paper, we will show similar results for the following system, still posed in the 
cylindric domain VL: 




(2) 



/(O) = < /(s) < /'(0)s, f\s) > for all s > and /(+00) = +00. 



Tt + u{y)T, = AT + f{y, T)Y - h{y, T) 
Y, + u{y)T, = Le-'AY - /{y, T)Y, 



(3) 



with Neumann boundary conditions 



dT 
dn 



dY 

dn 



on dVL 



(4) 
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where n denotes the outward unit normal on dVL. Here, / G C^iu ^ [0, +oo);R) and we 
assume that there exists Sq > such that the set of functions (/(y, •))?/eizj is bounded in 
C^'"([0, So); M). Moreover, the function / satisfies, by analogy with the KPP case, 

/(,0) = < /(.,T) < ^(•,0)T, ^ > for all T > 0, and /(.,+oo) = +oo, 

where the last limit is assumed to be uniform with respect to ?/ G cJ. Furthermore, h G 
C^iuj X [0,+oo);M) denotes the heat loss, which takes place in the whole domain, and is 
such that {h{y, ■))y£zj is bounded in C^'"([0, Sq); R), along with the conditions 

dh 

h{., 0) = < — (., 0)r < h{., T) <KT < +00 for all T > and some K > 0, 

dT „ (5) 



/5^fe.0)d.>0. 



For instance, a linear heat loss h{T) = qT where g > fulfills those hypotheses. The 
condition on the integral over to of ^{y, 0) means that the heat-loss is non trivially equal 
to in the domain. It will be used to study the qualitative properties of any solution of ([3]). 
Moreover, the bounds on h are technical hypotheses: —h{.,T) < — ^(.,0)T is similar to 
the KPP-condition on / and will allow us to use comparisons with the linearized problem, 
while the boundedness of ^ will allow us to use some standard estimates. 

Note also that the space dependence of the heat loss allows us to question whether the 
solution of ©-(jl]) converges to a solution of ([T]) with Robin boundary conditions when h 
converges to a Dirac mass Sqq. This will be the subject of a forthcoming paper |16] . 

Here, we will follow two main axes. First, we will search for travelling fronts solutions, 
that is solutions of ©-(111) of the form T(t, x, y) = T{x — ct, y) and x, y) = Y{x — ct, y). 
Thus, we say that (c, T, y) is a travelling front solution of (E])-® if in the moving frame 
x' = x — ct (we drop the primes and the tildes immediately) the functions T and Y satisfy: 

AT + ic-uiy))T, + fiy,T)Y-hiy,T) = 

Le-'AY + ic-uiy))Y,~ fiy,T)Y = '''''' 

together with the boundary conditions (jl]) and the following conditions at infinity 

T(+oo,.) = 0, r(+oo,.) = l, 

T,(-cx), .) = y,(-oo, .) = 0, ^' 

where the limits are uniform with respect to ?/ G cJ. The conditions mean that the right- 
hand side corresponds to the cold region with reactant concentration close to 1, while rather 
weak conditions are imposed on the left-hand side, that is behind the front. In particular, 
the values of the temperature and reactant densities are not a priori imposed far behind 
the front. Furthermore, throughout the paper, the relative concentration Y is assumed to 
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range in [0, 1] and is not identically equal to 1. The temperature T is nonnegative and not 
identically equal to 0. 

The other aim of this paper will be to establish criteria for flame blow-off, extinction 
and propagation. That is, we will consider the solution (T, Y) of the Cauchy problem 
defined by ©-(jl]) with an initial profile {Tq,Yo) such that 

< To, To is bounded, < Fo < 1, 

3A > 0, 3Ci, C2 > 0, Cie-^^ < To{x, y) < Cae"^^ in M+ x cJ, (8) 
3A' > 0, 3C3 > 0, 1 - Yq{x, y) < Cse"^'^ in M+ x u. 

We will say that the flame becomes extinct if ||T(t, ., .) ||ioo(Q-) — )■ as t — t- +00. The 
flame is blown-off if there exists a function ^{C) so that $(0 — as ^ — t- +00, and 
T{t,x,y) < ^{x + ct) with some c > 0. Lastly, the flame propagates with speed c > to 
the right if for any c' > c, T(t, x + c't, y) ^ as t ^ +00 while for the speed c itself, one 
can find xo € M and a{xo,y) > such that T(t, xq + ct,y) > a{xo,y) for all t > 1 and 
y euJ. 

Before we state the main results of this paper, we introduce the following principal 
eigenvalue problem depending on a parameter A G M: 



dh df 

-/\y(t)x-\u{y)(t)x + { — {y,Q)-—{y,Q))(t)x = fih,fW(l)x in w. 



On 



on duj. 



That is, /i/jj(A) is the unique eigenvalue of ([H]) that corresponds to a positive eigenfunction 
4>x{y), and can be defined for any functions /, /i G C^(cJ x [0, +00); M). Let us first show 
some properties of the function yU/ij. The eigenfunction (px can be normalized so that 

[ cl>l{y)dy = 1. 

With this normalization, one gets 

/x.,/(A)= / \WUy)?dy-\ [ u{y)ct>l{y)dy + [ &y,0) - %iy,0))<Pl{y)dy. (10) 



..^^r <9T 

In particular, under the hypotheses made on h, we have that 

f dh f dh 

j —iy,0)<l)liy)dy>mm<Plx j —{y,0)dy>0, 

which implies that /i/^ o(0) > 0. Furthermore, by the variational principle, we have that 



^^h,fW = , mill / \Vij{y)\ dy-X u{y)i) {y)dy 



+ 



j{^{y.^)-%{y.m\y)dy 
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where ||.||2 denotes the LF'{oj) norm. This imphes that fihj{X) is concave as an infimum of 
a family of affine functions. We now give one last property of fJ^hj, which will allow us to 
discuss the conditions of our theorems later in this paper. 

Remember first that A h- )■ /iftj(A) and A 0a are analytic functions of A. When 
differentiating with respect to A, we obtain 

dh df 

- - Xu{y)<P', - u{y)<P^ + { — {y, 0) - ^{y, O))0', = fi',j{X)<Px + /Xh,/(A)0l, (11) 



where the prime denotes derivative with respect to A. By multiplying 1^ by 0^, fllip by 
(px, substra 
obtain that 



X, substracting one equation from the other and using the L^-normalization of (px, we 



f^'hjW = - / uiy)<Pl{y)dy. (12) 



We also introduce the following principal eigenvalue problem, also depending on a param- 
eter A G M: 

-Aytpx - Am(?/)V'a = T^Wipx in uj, 

a^A „ . (13) 

— — = U on ooo. 

on 

That is, z/(A) is the unique eigenvalue of (ITS]) that corresponds to a positive eigenfunction 
ipx{y)- In fact, this is the same principal eigenvalue problem, with h = f = (the purpose 
of its introduction is only to simplify some of our notations). In particular, we can obtain 
as above that z/(A) is concave. Furthermore, ([2]) and (fT2l) with h = f = 0, together with 
the fact that any positive constant is an eigenfunction of f lT3|) with A = 0, imply that 
z/(0) = i^'(O) = 0. This in turn implies that z/(A) is nonpositive for all A G M. 

Remark 2 When f{y, T) = f{T) and h{y, T) = h{T) do not depend on y, it is immediate 
to see that /ift,/(A) = z/(A) + h'{0) - /'(O). In particular, i^hjW < h'{0) - /'(O) = /ih,/(0) 
for all A G M in that case. 

In Section [21 we will show the following qualitative properties of any travelling front 
solution: 

Theorem 1 Let (c, T, Y) be a solution o/ ©-Q and such that <T andO <Y < 1. 
Then T is bounded, T(— oo, .) = 0, Y{—oo, .) = Y^o G (0, 1), fJ^hji^) < 0, c > and c > c* , 
where c* is then defined by: 

c* = min{c G M, 3A > 0, fihjW = A^ - cA} = min ^4^, (14) 

' A>0 A 

and 

k{x) = ~ fihAX). 
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Note that since k is strictly convex and under the hypothesis /i/jj(0) < 0, it is straightfor- 
ward to check that the equation k{X) = cX has one positive solution A* for c = c*, and two 
positive solutions Ai, A2 for c > c*, with Ai < A* < A2. 

We will then show the existence of bounded travelling fronts solutions: 

Theorem 2 (a) Assume that fihj{0) < 0. For any c > max(0,c*), there exists a solution 
{T,Y) of ®-0 and such that T is hounded, T(-oo, .) = T > Q < Y < I and 
r(-oo,.) =1^0 G (0,1). 

{h) Assume that sup;^g]g(/i;ij(A) — A^) < 0. Then c* > and there exists a solution (T, F) 
of ©'Q ^'^'^ with minimal speed c = c* , and such that T is bounded, T(— 00, .) = 0, 
T > 0, < r < 1 an(/ Y{-oo, .)=Y^e (0, 1). 

Remark 3 It immediately follows from Remark [2] that when h and / are independent of 
y (zUJ and under the hypothesis fJ^hji^) = h'{0) — /'(O) < 0, both parts of Theorem |2] are 
verified. That is, there exists a non trivial travelling front solution for any speed c > c* > 0. 

Section [3] will be dedicated to the proof of part (a). Part (b) will be treated in Section HI 
Lastly, Section [5] will deal with the Cauchy problem, with a proof of the following result. 

Theorem 3 Let {T,Y) be a solution o/(0)-0 with an initial profile {Tq,Yq) verifying (0). 
Let A be the decay rate o/Tq as in i^. 

(a) Extinction. If fihj{0) > 0, then T{t,x,y) < Ce^'^^ for all t > and {x,y) G Q where 
7 = /^/i,/(0) > and C is a positive constant. 

(b) Blow-off. Let us assume that there exists < r/ < A such that ^hj{ri) — rf > 0. Then 
T{t, x, y) < Ce-''(^+^*) for all t > and (x, y) eU with C, 5>0. 

(c) Propagation. Let us assume that fih f{0) < 0, fihj{X) — A^ < and A < A*. Then 
c := k{\)/\ > max(0, c*) and the solution propagates with speed c. 

Parts (a) of Theorem [2] and 12] reflects the fact that fihj{0) < is a sufficient condition for 
the existence of a travelling front solution, and shows that it is also almost a necessary 
condition for the propagation of the flame (the case yU/ij(0) = is still open). It is also 
important to note that Part (c) of Theorem [3] underlines the link between the speed of 
propagation and the decay rate of temperature on the right, which will in fact be used 
several times throughout the paper. 

Lastly, let us discuss the completeness of this Theorem. If fifij{0) > 0, we can apply 
part (a). If /i/jj(0) < 0, we first consider the case c* < 0. Let then Ai < A2 the solutions 
of /Xft,/(s) — = 0. We have Ai < A* < A2. Furthermore, fJ^hjis) — is negative for 
s G (0, Ai) and positive for s G (Ai, A2). Thus, part (b) can apply for A > Ai, and part (c) 
for A < Ai. In the case c* > 0, we have that fi^j^s) — is negative for s G (0, A*) and 
nonpositive everywhere. Thus, part (c) apply for A < A*, but the problem is still open 
for A > A*. In the latter case, we may at least say that the solution can't propagate with 
speed c > c*, by placing ourselves in a moving frame with speed c, and then using part(b) 
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of our Theorem. This argument, along with the well-known fact of the propagation with 
minimal speed in the single-equation case for a heaviside initial condition [3], may allow us 
to conjecture that the solution propagates with speed c* for A > A*. Nevertheless, at this 
time, no significant result has been made in this direction to our knowledge in the system 
case. 

2 Qualitative properties of travelling fronts 

This section is devoted to the proof of Theorem [T] Let {c,T,Y) be a solution of (jn])-® 
and (HD such that < T and < F < 1. 

2.1 Boundedness of temperature 

We first prove that Y converges to a constant as x — ^ — oo. To this end, we integrate 
equation ([6]) satisfied by Y over the domain (— A^, A^) x u with > 0. We obtain: 



Recall that — )■ as x — >■ — oo from (j7]). Besides, as T is bounded for x > and Y 
converges to 1 as x — )■ +oo, it follows from standard elliptic estimates that Yx{x,y) — > 
as X — )■ +00. Since Y is bounded, we finally have that the left-hand side is bounded 
independently of A^. Therefore, as f{y,T)Y is a positive function, we conclude that the 
positive integral 



Jn 

converges. Furthermore, by multiplying the equation ([6]) satisfied by y by y itself, and 
integrate over the domain (— A^, A^) x u with A^ > 0, we obtain: 



f [Le-\Y,{N,y)-Y,i-N,y)) + (c - u{y)){Y{N,y) - Y{-N,y))]dy 



(15) 







The left-hand side is again bounded independently of A^, and so is the integral 
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We conclude that the integral 

|Vy(a;, y)\'^dxdy 



I 

Jn 



'n 

converges. Still, since the function T is not known to be a priori bounded, we can't use 
^Zof estimates to prove the convergence of F to a constant as a; — )■ +00. To overcome this 
difficulty, we fix a G M and let {xk)k£n be any sequence converging to —00 as A; ^ +00. 
We introduce the translate Yk{x, y) = Y{xk + a + x,y). We have 



\VY\ dxdy = / \Wk\ dxdy as k +00. 

(a+Xfc,a+l+Zfe) J (0,1) XLU 

Hence, up to extraction of a subsequence, {Yk)k&N converges in H^{{0, 1) x w) to a constant 
Y^ G [0, 1]. We then use (fT5|) with = —Xk — a — ^ for ^ G (0, 1) [k is chosen large enough 
so that —Xk — a — 1 > 0) and integrate over ^ G (0, 1). We obtain 

/ Le'\Y^{-Xk -a-^,y) - Y^{xk + a + ^,y))d^dy 

+ / (c - u{y)){Y{-Xk -a-^,y)- Y{xk + a + ^, y))dy 

( I f{y,T{x,y))Y{x,y)dxdy^d^. 

The first term of the left side converges to as A; — +00 (recall that y^.(+oo,.) = 
Yx{—oo,.)=0 uniformly in ?/ G cJ). The second term of the left side converges to 



(c-«(i/))(l-y^) = (l-Oc|a;|. 

We used here the fact that u{y) has mean zero ([2]). Lastly, by the dominated convergence 
theorem, the right-hand side converges to 

fiy,T{x,y))Y{x,y)dxdy. 



Therefore, 

(1 - r^)c|a;| = / f{y, T{x, y))Y{x, y)dxdy > 0, (16) 



n 



and as a consequence, Y^ < 1 does not depend on a nor on the sequence {xk)keN- It also 
already implies that c > 0. We conclude that there exists a constant Y^q G [0, 1) such that 
Y{xk + ., .) converges to Yqc in Hl^^{Q) as k ^ +00 for any sequence {xk)km —00. 
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Let us now prove that T is globally bounded. Assume by contradiction that T is 
unbounded. Since T'(+oo, .) = 0, there has to exist a sequence {xk,yk)ken in IR x a; such 
that Xjfc — >■ — oo and 

T{xk,yk) +00 (17) 

as /c — )■ +00. Since the functions Y, f{y,T)/T and h{y,T))/T are bounded in Q, it 
follows from standard elliptic estimates and the Harnack inequality up to the boundary 
that |VT|/T is also bounded in fi. Thus, we also have 

min _T{x,y)^ +00 (18) 

(x,y)e[xfc-l,a;fc+l]xa; 

as A; ^ +00. Hence, we also have 

min _f {y,T(x,y)) ^ +00 

{x,y)elxk-l,Xk+l\xuj 

as /c — > +00, because f{y, +00) = +00 uniformly in y e uJ. But 

/ f{y,T{x,y))Y{x,y)dxdy> / f{y,T{x,y))Y{x,y)dxdy 

> min f{y,T{x,y)) x / Y{x,y)dxdy, 

ix,y)elxk-l,Xk+l]xoj J{xk-l,Xk+l)xui 

and 



/ Y{x,y)dxdy ^ 2\ui\Y^ 

J (xi,-l,xi,.+l)xoj 



as k ^ +00. We conclude that if T is unbounded, then Y^ — 0. Let now introduce the 
functions 

T(xk + x,y) 



Tkix,y) 



T{xk,yk) 



which are locally bounded, as follows from the fact that |VT|/T e L°°{fl). These functions 
satisfy 

/^Tk + {c-u{y))Tk,a, + {gi,k-g2,k)Tk = in Q, 

— — = on dfl, 
on 

where 

h{y,T{xk + x,y)) 

g2,k{x,y) = — ^ — . 

T{xk + x,y) 
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First, we have 



df df 
< giA^^y) < ^(?/'0) y{xk + x,y) < max— (.,0), 



and (7i fc — )■ in Lf^^{Q) because Yoo = 0. On the other hand, 

dh 

0<^(y,0)<(72,fc(x,i/)<i^, 

where K comes from the bounds on h from ([5]). Thus, as the sequence {g2,k)k(^n is bounded 
in L°°{Q), it converges weakly in L^'*{Q) up to extraction of some subsequence to a function 
g in L°°(n). 

Lastly, since the functions gi^k and (72, fc are uniformly bounded in L°°{Q), the functions 
Tfc are then bounded in W^^^{^) for all 1 < p < +00. Up to extraction of a subsequence, 
they then converge weakly in W^^^{Q) for all 1 < p < +00 and then in C^^'f (fi) for all 
< /3 < 1, to a nonnegative solution Too of 

AToo + {c - u{y))Too,x - gToo = in Q, 

dT 

^ = on 9a 
on 

The elliptic regularity theory implies that the function T^o is actually of the class Cf^'^{Q) 
(remember that u G C^'°'{uJ)). It follows from the boundary condition T^. — )■ as a; — ?■ — 00 
in ([7]) and from (fT7|) that Tk^x{x,y) — )■ locally uniformly as — )■ +00, whence Too is a 
function of ?/ only. It is then a solution of 

AToo - gT^ = inQ, 

— — = on c/iz. 

on 

Furthermore, Tk{0,yk) = 1 and one can assume, up to extraction of another subsequence, 
that the sequence yk converges to ?/oo G cJ as — )■ +00. Therefore, Too(0,?/oo) = 1 and 
the strong maximum principle and the Hopf lemma imply that Too is positive in Q. Here, 
recall that g is the limit in T^'*(fi) of the sequence {g2,k)k£N where g2,k{x,y) > ^{y,0) for 
all {x, y) G Q. Then, for any > 0, we have that 

g{x,y)T^{x,y)dxdy > / —{y,Q)T^{x,y)dxdy 

{-N,N)xui J{~N,N)xu; 

'^f..n^,..^ rr (20) 



> 2N / —{y,0)dyx min Too 



> 0. 

However, since Too,x = and because of the Neumann boundary condition on dQ, inte- 
grating f lT9|) over (— iV, N) x lu leads to 

g{x,y)T^{x,y)dxdy = 0. 

(-iV,Af)xa; 

This enters in contradiction with (l20l) . We conclude that T belongs to L°°{Q). 



10 



2.2 The left limit for temperature 

We now show that T— J-Oasx— t-— oo. Recall that the integral 

f{y,T{x,y))Y{x,y)dxdy 



n 

converges. We now integrate the equation (jH]) satisfied by T over the domain (— A^, A^) x u 
with > 0. We obtain 

[{T,{N, y) - T,{-N, y)) + (c - uiy)){T{N, y) - T{-N, y))]dy 

f (21) 
hiy,T{x,y))dxdy - / f{y,T{x,y))Y{x,y)dxdy. 

{-N,N)xuj J{-N,N)XL0 

It follows from ([7]) and standard elliptic estimates that Tc(±oo, .) = 0. Since T G L°°{Q), 
we deduce that the left-hand side is bounded independently of A^, whence the integral 

hiy,T{x,y))dxdy 

converges. Besides, since T is bounded and h(y,T) > ^{y,0)T > 0, we also have that: 

dh 

— {y,0)T{x,y)dxdy < +oo, (22) 



/ h{y,T{x,y))T{x,y)dxdy < +oo, 
Jn 



f{y,T{x,y))Y{x,y)T{x,y)dxdy < +oo. 



n 



We now multiply the equation (Q satisfied by T by T itself and integrate over the domain 
(-A^, A^) X a; with A^ > 0. We obtain 

[(T,.(Ar, y)T{N, y) - T^{-N, y)T{-N, y)) + (c - u{y)){T\N, y) - T\-N, y))]dy 
= / h{y,T)Tdxdy — / f{y,T)YTdxdy+ / \\/T\'^dxdy. 

J{-N,N)XLO J{-N,N)xuj J{-N,N)xuj 

As before, the left-hand side is bounded independently of A^ and we saw that the first two 
integrals of the right-hand side converge as A^ — t- +oo, whence 

\VT\^dxdy < +oo. (23) 
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Let now be any sequence such that — )■ — oo as A; — )■ +00. We define the functions 

Tk{x,y) = T{x + Xk,y) for each k E N. It folfows from standard elhptic estimates that 
this sequence is bounded in W^^^{Q) for all 1 < p < +00. Therefore, up to extraction of a 
subsequence, it converges in Cl^^{Q) to a function Too- Because of ( 123|) . we know that Too 
is a constant. Furthermore, it follows from (l22l) that 



dh f dh 

— {y,0)Tix,y)dxdy^2T^ / —(y,0)dy = 

as k —7- +00, whence = does not depend on the choice of the sequence {xk)k£f>i- We 
conclude that T{x, — )■ when x — ?■ —00 locally uniformly in ?/ G cJ. 

2.3 Proof of the inequality : iihj{0) < 

Assume by contradiction that fihji^) > 0. Let = 0o a positive solution of with A = 0. 
The function satisfies 

+ i^iy^ 0) - ^{y, O))0 < A0 + /i,,^(O)0 + {^{y, 0) - ^(y, O))0 = in a;, 

n a 
— = on Oio. 

on 

(24) 

Since T is globally bounded and positive on w, there exists 7 > such that T{x, y) < ^(piy) 
in Q. Since T > and T(±cxo, .) = 0, there exists then 7* > such that T{x,y) < 'y*(j){y) 
in Q with equality somewhere. But since T > and Y < 1, the function T satisfies 

df dh 

AT + (c - w(|/))T, + ^{y, 0)T - — (y, 0)T > AT + (c - u(i/))T. + /(T)r - h{y, T) = 

in Q with the Neumann boundary conditions on dQ. Let now z{x,y) = T{x,y) — 'j*(j){y). 
z is nonpositive in and vanishes somewhere. Besides, z satisfies 

^^ dh 
Az + {c- u{y))z, + (^(y, 0) - — (y, 0))z > 

in fi, together with the Neumann boundary conditions on dVt. It then follows from the 
strong maximum principle and the Hopf lemma that 2; = 0, whence T(x, y) = 7*0(?/) in Q. 
This is impossible since 7* > and T{+oo, .) = 0. We then conclude that fih,f{0) < 0. 

2.4 A lower bound for the front speed 



Recall that we already saw in Section uTU that c > 0. We now prove that c > c* where c* 
defined in Section [TJ 



12 



Recall that from Harnack inequality, |VT|/T is also bounded in Q. Let A be defined 

by: 

A = — lim inf ( min ^ ' 



x^+Qo y ijGu) T(x, y) 

Since T > 0, and T(+oo, .) = 0, we have A > 0. Now let {Xn,yn)neN be a sequence of 
points in Q, such that Xn — ?■ +oo and 

Tx(yXn,yn) , . , . 

7— r — )■ A as n — +00. 

Vn) 

Up to extraction of a subsequence, one can assume that ?/„ — )■ G cJ as n — )■ +00. Next, 
define the normalized and shifted temperature for all n G N and {x, y) G Vt: 

^ \-^n) yn) 

Since |VT|/T is bounded in Q, the sequence of functions T„ is bounded in L'^^{Q). We 
also have for each n G N, T„ is a solution of the following problem: 

/XTr, + [c - u[y))Tn,x ^ TfT} N = mil, 

^ y-^ni yn) 

= on dQ, 

on 
where 

Yn{x,y) = Y{x + Xn,y) 

is the shifted concentration. 

Recall that T{x + Xn,y) — > and Y{x + Xn,y) 1 locally uniformly in {x,y) G Q 
as — 7- +00 because of ([7]). It then follows from standard elliptic estimates that, up to 
extraction of a subsequence, the sequence T„ converges weakly in Wf^^iQ) for all 1 < p < 
+00 and strongly in Cl^^{Q) for all < /3 < 1, to a function T^o which satisfies 

df dh 

Ar^ + (c-M(i/))r^,, + (-^(y,o)-— (y,o))roo = o mn, 

dT 

^ = oxidn. 

on 

Since T„(a;, y) > and T„(0, = 1, we also have Too > in and Too(0, ?/oo) = 1, whence 
Too > in as follows from the Hopf lemma and the strong maximum principle. We can 
then define z = Too,x/Too, which satisfies 

z > —A in Q, 
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and z{0,yoo) = —A owing to the definition of A and tlie clioice of tlie sequence {xn,yn)- 
Moreover, tlie function z satisfies the following elliptic equation: 

VT 

Az + 2—^.Vz + {c-u{y))z.^ = in fi, 

f/Z 

— = on an. 

on 

It is then implied by Hopf lemma and the strong maximum principle that z{x, y) = —A in 
Q, that is Too(x, y) = e~^^(f){y) in fl where (j){y) is a positive function and satisfies 

dh df 

-Ay4>-Au{y)<P+{—{y,0)-My,0))4> = (A^-Ac)^ inu, 

— = U on ouj. 
on 

By uniqueness of the positive solutions of ([9]), it follows that <f) = (pA (up to multiplication 
by a positive constant), and 

f^hj{A) = A^ - Ac. 

Since fih /(O) < and A > 0, it follows that A > 0, whence c > c* by definition of c* (see 
2.5 The left limits for concentration 

Lastly, we show the convergence of y as x — ?■ — oo to a constant Y^o G (0, 1). We have 
already shown in Section [TT] the existence of such a constant in [0, 1). Let us prove that 
> 0. We argue by contradiction and assume that Yoo = 0. First, since c > c*, there 
exists A > such that 

fJ'hjW = - cA. 

Besides, we then have that 

df 

X^-cX = fihjW < /ih,o(A) - min -^(y, 0). (25) 

yecij oi 

Since T is bounded, there exists a constant Cq > such that T(x, y) < CqC^^^ for all x < 
and y Euj. We then show that there exists 7, 5 > such that T(x, y) < •ye^^ for x < 0. 
Indeed, let 

. / /i,,o(0) 1 . df \ 
^ = mm(^-,-mm— (y,0)l >0, 



and y4 > such that 



df 

Vx<-A yyeoJ, ^{y,0)Yix,y)<e. 
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Such a A exists since y(— oo, .) = Yoo = 0. As a consequence of the continuity of fihj and 
there exists A > A such that 



1 df 

- /i;,,o(A) - cA + A^ < - min -^(y, 0) < -e. (26) 
We denote by U the positive function defined by 

T(x,y) = f/(a;,y)e-^>o,A(y), 

where 0o,A solves dH]) with the parameter A and / = 0, normahzed so that ||0o,a||l2((j) = 1. 
One has f/(-oo, .) = as T{x, y) < Cqc"^^ for all x < and A < A, and (9„f/' = on dil. 
Furthermore, it is straightforward to check that 

AU+{c- u{y) - 2A)U^ + 

(PO,A 

+ (A^ - /x.,o(A) + ^{y, 0) - ''^J^^^f y^^^ = ° ^' 

where 

9{x,y) = ^Hf^^^^Y{x,y) < ^{y,0)Y{x,y) < e 

for all {x, y) G (—00, —A\ x u. Besides, we have that 

dh , , h(y,T(x,y)) ^ 



Therefore, we have 



AU+{c- u{y) - 2A)a, + 2^^^.VyU + (A^ - /i^,o(A) -cA + e)U>0 

0O,A 

for all (x, y) G (— c>o, —A] x u. 

Because of f l2B]) . we shall now apply the maximum principle to the previous operator, 
and look for a suitable super-solution. Since e < /i/j^o(0)/2, there exists 6 > such that 

6^ + c5 - fXhfii-^) + ^ < 0- 
One can then check that the function 

(poAy) 

where 0o,-<5 solves (jH]) with the parameter A and / = 0, satisfies 

AU + ic- u{y) - 2A)f7,. + 2^f^.V^F + (A^ - ^;,,o(A) - cA + e)U 

<Po,A 
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= (5^ + c5- Hh,o{-5) + < in Q, 

and 

^ = on dQ. 
on 

It follows from the maximum principle that the difference U — U can not attain an interior 
negative minimum. Moreover, U > and one can normalize the function 0o,-<5 so that 
U{—A,y) < U{—A,y) for all y &uj. Finally, both U and U tend to as a; ^ — oo. We 
conclude that 

Vx < -A, Vy e u, U{x,y) < U{x,y). 

In other words, 

Vx < -A, Vy e uj, T{x,y) < e'^cf^oMv) < Tie'", 
where 71 = max^^g^ 0o,-<5(l/)- Since T is bounded, we also have 

yxe{-A,0],yyeuJ, T{x,y)<j2e'^ 

where 72 = ||7'||L°°(n)e'''^. Whence with 7 = max(7i, 72) and for x < we have 

T{x,y)<^e'^. (27) 

We now claim that 

M:= limsup_^;^^ = 0. (28) 

From the Harnack inequality and the fact that /(y, T) is bounded, we know that | W |/F is 
globally bounded. Therefore, M is finite. Furthermore, M > because F > = Y[—oo, .). 
Let now (x^, yk)nen a sequence of points in IR x such that — >■ — 00 and 

— r — y M as k ^ +00. 

Y{xk,yk) 

Up to extraction of some subsequence, one can assume that — >■ yoo £ ^ A; — >■ +00. 
Consider now the functions 

^ y(x + Xfc,y) 

They are locally bounded in Q and satisfy 

Le~^AYk + {c- u{y))Yk,x = f{y,T{x + Xk,y))Yk in fi, 

5^ = onaa 

an 

Moreover, f{y, T{x + Xk, y)) locally uniformly in as A; — )■ +cxd because T(— 00, 0=0 
and /(y, 0) = for all y ^uJ. Prom standard elliptic estimates, up to extraction of some 
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subsequence, the functions converge weakly in W^^^{^1) for all 1 < p < +00 and strongly 
in C/jf (H) for < /3 < 1 to a solution Z of 

Le'^AZ + {c-u{y))Z^ = in fi, 
dZ 

— = on on. 

on 

Furthermore, Z{0, y^o) = I, Z > and thus Z > inQ from the strong maximum principle 
and the Hopf lemma. We also have that Z^/Z < M in ^2 and Zx{0,yoo)/Z{0,yoc,) = 
M, owing to the definition of M and of the sequence {xk,yk)- However, the function 
W{x,y) = Zj.{x,y)/Z{x,y) satisfies the equation 

\/Z 

Le-^ AW + 2Le-^ — . VW + {c-u{y))W^ = in Q, 

dW 

^ = ondn. 
on 

Therefore, by the maximum principle and the Hopf lemma, W{x, y) = M for all (x, y) G Q. 
In other words, Z{x, y) = e^'^^iply) where ip positive function in uJ and verifies 

Le~^AV^ + Le'^M'^ip + M{c - u{y))i) = in 

— = U on ooj. 
on 



As a consequence, by uniqueness of the principal eigenvalue of ( 1T3|) . 

M^ + cMLe = z/(-MLe). 

The left-hand side is nonnegative (recall that c is positive, as shown in Section 12. ip while 
the right-hand side is nonpositive (recall that u concave with z/(0) = i^'iO) = 0). As a 
conclusion, M = and then Z = ip principal eigenfunction of (IT^ with parameter and 
i^iVoo) = 1; namely ijj = 1 in uJ. Thus, Z = 1 in Q. 

Fix now /3 > such that (3 < 5 with P as in (l27|l . It follows from (12 8 p that there exists 
A>0 such that Yx{x,y)/Y{x,y) < /3 for all x < —A and y EuJ. It follows immediately 
that 

Va; < -A, G to, Y{x,y) > kc'^^ (29) 

where k = e~'^^ x miny^j:jY{—A,y) > 0. 

As we have shown in the proof of f l28|) . there exists a sequence {xk,yk)k&'N such that 
Xk — > —00 and the functions {x, y) — ?■ Y{x + Xk, y)/Y{xk, yk) converge to the constant 1 at 
least in Cl^^{Q) as k ^ +00. Without loss of generality, one can assume that Xk < ~A < 
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for all k. Now use the fact that Yoo = Y{—oo, .) = Y'^.(— oo, •) = and integrate equation 
satisfied by Y over the domain (—00, x^) x u. One obtain 

Le"^ [ Y^{xk,y)dy + c [ Y{xk,y)dy- [ u{y)Y{xk,y)dy < -fluld-^e^""^ x max^{y,0), 

(30) 

because of ( 17r|) and since f{T)Y < ^{y,0)T. Furthermore, as Y{x + Xk,y)/Y{xk,yk) 1 
in Cl^^{Q) and since u{y) is bounded in u and has mean zero, it follows that 

f^Y^ixk,y)dy _^ ^ 
Lyixk,y)dy 

and 

f u{y)Y{xk,y)dy f f n 

f Yix, y)dy ^ <y)dy = ^ 

as A; — > +00. Putting that together with (130|) . one gets that 

^ / Y{xk,y)dy<j\u\6-'e'^>^xmax^{y,0) 
for k large enough, because c > 0. But (12^ together with < —A then yields 

^^e^"'= < 7|a;|rie^"^ x max|^(y,0) 
for large enough. Since < /3 < 5, one gets a contradiction by passing to the limit 

Xk — —00. 

As a conclusion, Y^o = is impossible. Therefore, Y^o G (0, 1) and the proof of 
Theorem [T] is achieved. □ 



3 Existence of fronts with non-minimal speeds 

Here, we prove Part (a) of Theorem [2J We assume that fihj{0) < and we let c > 
max(0,c*). First, we will construct sub and super-solutions of ([6]). We will then use a 
fix point theorem on bounded cylinders to construct approximate solutions. Lastly, by 
passing to the limit of an infinite cylinder, we will obtain a solution of ([6]) with the wanted 
qualitative properties. This now standard procedure has already been applied to show the 
existence of fronts in [SI El [20] • 

3.1 Sub- and supersolutions in Q 

Note first that the constant 1 is a super-solution for Y. 
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Supersolution for T 

We then construct a supersolution for the T-equation ([6]) with Y = 1. Since c > c*, let Ac 
the smallest nonnegative root of k{X) = cX. The real number Ac is in fact positive thanks 
to k{0) = —^h,f{0) > 0. Then let T be the function defined in Q by 

Here is the positive principal eigenfunction of with A = Ac, normalized so that 
||0Ac lU°°(a;) = 1- The function T satisfies the Neumann boundary conditions on dQ, and is 
a super-solution for the equation on T in ([6]) with y = 1, i.e 

AT + (c - u{y))% + f{y, T) - h{y, T) 

— — df dh — — 

<AT + {c- u{y))T, + {-^{y, 0) - —{y, 0))T = in Q. 

Sub-solution for Y 

Since z/(0) = z/'(0) = < c, one can choose /3 > small enough so that 



< /3 < Ac, 

z/(/3Le) -/3^ + c(3Le > 0, 



(31) 



and 7 > large enough so that 

7 X niinV'/3Le > 1, 

df (32) 
7Le (z/(/3Le) - (3 + c/3Le) x nun^/^/jLe > max —{y, 0), 

where V'/SLe is the positive eigenfunction of f lT^ with A = /3Le, normalized in such a way 
that ||V'/3Le||L°°(w) = 1- Let Y_ be defined by 

YjyX, y) = max(0, 1 - -fippLe{y)e~^''). 

Note that Y_ = for x < 0. Let us check that y is a sub-solution for ([6]) with T = T. Note 
first that Y_ satisfies the Neumann boundary conditions on dQ. Moreover, when H > 0, 
then X > and 

Le-'AY + (c - u{y))Y, - f{y, T)Y 

> 7Le'i(z/(/3Le) - + c^Le)^pUy)e-^' ' ^iv, 0)<PxMe-'''{l - l^pUy)e-^l 

> 7Le-i(z/(/3Le) - + c/3Le)^^Le(2/)e-^^ - ^{y, 0)6"^^ > 0, 
since / of the KPP-type, < 4>\Xy) < 1 in oJ and because of (l3T]) -f l32|) . 
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Sub-solution for T 

Lastly, we will construct a sub-solution for T with Y = Y_. Recall that k{Xc) = cXc- We 
first show that k'{Xc) < c. Indeed, since k{0) > and Ac is the smallest positive root of 
k{X) = cX, we have k'{Xc) < c. Furthermore, if k'{Xc) = c, then A;(A) > cX for all A G M 
by convexity of k, whence c* > c, which is impossible. We conclude, as announced, that 
fc'(Ac) < c. 

The above allows us to choose 77 > small enough so that 

< < min(/3,aAc), .„„s 
s:=ciX, + ri)-kiX, + r])>0, ^''''^ 

where a > such that f{y, .) and h{y, .) are of class C^'"([0, Sq]) for some Sq > uniformly 
in 2/ G cJ. Let M > such that 

f{y,s)>^{y,0)s-Ms'+^, _ . . 

^4 for all s G [0, Sq] and for all j/ G cj. (34) 

h{y,s)<—iy,0)s + Ms'+'^, 

Now take Xq > sufficiently large so that 

Y{x,y) = 1 - 'jipisLe{y)e~^'' for all {x,y) G (xq, +00) x uJ. 

Next, let 5 > large enough so that 

My)e'^^' - 50A.+,(y)e-("^+'')^ < so in H, 
0A.(2/)e-^^" - 5</)A.+,(y)e-("^+'')" < in (-oo,a;o] x u, 



df 

6e X min 0a,+,, > 7 max — (y, 0) + 2M. 



(35) 



Finally, we define, for all {x, y) G Vt, 

T{x,y) = max (O, 0A.(2/)e-'^" - 50A.+,(2/)e-('^+'')"') . 

The function T satisfies the Neumann boundary conditions on dQ. Let us now check that 
T is a sub-solution to (|6]) with F = y . Note first that < T < Sq in Moreover, if 
T_{x,y) > 0, then x > Xq >0 whence < Y_{x,y) = 1 — 'y4'/3Leiy)^~^^ ■ Then, in that case, 
we have: 

AT + (c - u{y))Z, + f{y, T)Y - h{y, T) 

> AT + {c-u{ym + {^{y,0)T-MT'+-){l-^^^Uy)e-^n ' ^{y,0)T- MT'^'^ 

> -6{k{X, + r^)- c(A, + r/))K+,(y)e-('^+'')^' - ^{y, OhT^pLe{y)e-^'' - 2MT'+- 

> fe0A.+^(y)e-(^=+'')" - %{y,Ohe-'-'^'+^^^ - 2Me-^^(i+")^ 

01 

> (fe0A.+.(l/) - ^{y, 0)7 - 2M)e-(^^+'')^' > 0, 
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because of ( 155]) . (131|) . ( 13^ and since < (px^+rjiy), < ipi3Le{y) < 1 in cj. 
3.2 The finite cylinder problem 

Here, we construct a solution of (|6]) in a finite cylinder Qa = {—a, a) x oo with a > 0. Let 
C{Qa) denote the space of continuous functions in Qa, with the usual sup-norm. Observe 
that < T < T and < F < 1 in n. We denote by Ea the set 

Ea = {(T, Y) e C{Vl^; M^), T < T < T and F < F < 1 in H^}. 

The set Ea is a convex closed bounded subset of the Banach space C{Qa', I^^)- 

We now consider a fixed point problem for an approximation of the travelling front 
solution in Qa- For any pair (Tq, Yq) G Ea, let (T, Y) = $a(To, Yq) be the unique solution 
of 

AT + {c ~ u{y))T, - KaT = -f{y,To)Yo + h{y,To)-KaTo in 
Le^'AY + ic-u{y))Y,- fiy,To)Y = in Qa, 

together with the boundary conditions 

T(±a, y) = T(±a, y), Y{±a, y) = Y{±a, y) for ?/ G U, 

dT BY 

^— = — — = on [—a, a] x du. 
on on 

Since h is in C"'^(cJ x [0, +oo); M), we can assume that Ka is positive and such that for all 
y euj _ 

s e [0, supT ] — > s) — KaS is decreasing. (36) 

Such a solution (T, F) exists, belongs to (7(^0; M^) and it is unique (see [ll[lT]). To show 
that the map $0 has a fixed point, we will show that the set Ea is invariant by $a, and 
that the map is compact. 

Ea is invariant by $a 

Let (To, Yq) be any element of and (T, F) = $a(To, Fq). One can check that T satisfies 

AT + (c - M(y))2^ - KaT > -fiy, T)Y + h{y, T) - KaT > -f{y, Tq)Yq + h{y, To) - i^„To, 

where the last inequality follows from (136|) and the monotonicity of /. Furthermore, T 
satisfies the same boundary conditions as T on the boundary of Via- The weak maximum 
principle implies that T < T in fi^. The inequalities T <T,^<Y and F < 1 in fi^ can 
be checked similarly. 

We conclude that $a leaves Ea invariant. 
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The map is compact 

We introduce (A;i,ji) = ^a{T,l) and (A;2,j2) = ^a{21,^)- For any pair (To,lo) ^ -^^a and 
(r,y) = $,(To,Fo),one lias 

Ah+{c-u{y))h^,-Kah = -fiy,T)+hiy,T)-KaT < -f{y,To)Yo+h{y,To)-KaTo in Qa, 

and thus T < ki in fla- Similarly, we have 

Le-^ Aj2 + (c - uiy))j2,, - fiy, To)j2 = {f{y, T) - f{y, To))j2 < in Qa, 

and thus Y < j2 in Qa- Therefore, we obtain 

T<T<h<T . ^ , . 

Y<Y<j,<l ^^^^ 

for any pah (Tq, Yq) G and (T, F) = <l>„(To, Yq). 
Let (Tq", Y^) be a sequence in Ea and 

By standard elliptic estimates up to the boundary, the sequence (T", F") is bounded in 
C^(D;M^) norm, for any compact subset 

D C S„ =n;\ {±a} X duj. 

Therefore, using the diagonal extraction process, there exists a subsequence, still denoted 
by {T^, y") which converges locally uniformly in to a pair (T, Y) of continuous functions 
in Sq. Since each (T", F") satisfies (137|) in fi^, it follows that (T, F) satisfies ( 137|) in S^. 
Furthermore, as we have 

ki{±a,y) =T{±a,y) _ 
j2(±a,y) = 11(±«>Z/) 

and since T, F, fci and j2 are continuous in ^2^, the functions (T, F) can be extended in 
fla by two continuous functions, still denoted by {T,Y), satisfying (157|) in Qa- 
For any e > 0, there exists k, > such that 

0<A;i-T<£., , 
„ ^ . ^ , ^ m —a, —a + k x w U \a — k, a\ x uj, 
< J2 — £ 

and thus IT" — T\<6 and |y" — T| < e in the same sets, for all n. On the other hand, the 
sequence (T", F") converges uniformly to {T,Y) in [—a + K,a — K] xuJ. Therefore, (T"',y") 
converges uniformly to (T, Y) in fi^ = [—a, a] x uJ and thus the map is compact. 
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A fixed point of 

One then concludes from the Schauder fixed point theorem that $a has a fixed point in 
Ea- In other words, there exists a solution (Tq, Ya) G Ea of the problem 



ATa + ic-u{y))Ta.. + f{y,Ta)Ya-hiy,Ta) = in 

Le-'AYa + {c-u{y))Ya,,- f{y,Ta)Ya = in Qa, 



with the boundary conditions 



(38) 



Ta{±a, y) = T(±a, y), Ya{±a, y) = F(±a, y) for y e u, 

dTa dYa ^ . . . (39) 
— — = — — = on —a, a x ac;. 
on on 

Furthermore, we have < T < < T and < F < < 1 in [—a, a] x U. 



3.3 Passage to the infinite cylinder 

Let now (ci„)„,eN be an increasing sequence of positive numbers such that a„ — > +oo 
as n — > +00. Let {Ta„,Ya^)n<z^ be a sequence of solutions of (I38p - (l39p with a = a„. 
From standard elliptic estimates up to the boundary, the sequence {Ta„,Ya^) is bounded 
in Cf^'^{Q) (remember that the fiow u is of class C'''"(cJ) and /, h are locally Lipschitz- 
continuous). Up to extraction of a subsequence, the functions (T^^, Y^^) then converge in 
Cl^m to a pair (T, Y) e C\Vl) of solutions of 

AT + {c-u{y))T, + f{y,T)Y-h{y,T) = in 
Le-'AY + {c-u{y))T,-f{y,T)Y = in fi, 

with the Neumann boundary conditions 

dT dY 

— = — = on 

on on 

and 

0<T<T<T,0<i:<r<linn. 

In particular, we have T{+oo,y) = and y(+oo, y) = 1 uniformly in y G cJ. Furthermore, 
since Y_{x,y) and T_{x,y) are positive for large x, the strong maximum principle implies 
that y > and T > in Q. Moreover, since f{y,T) > 0, the function Y cannot be 
identically equal to 1, whence Y < 1 in Q from the strong maximum principle. 

It now remains to be shown that T is bounded, and that the functions (T, Y) satisfy 
the right conditions at — oo. 
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3.4 Boundedness of T 

Assume for the sake of a contradiction that T is not in Since 0<T<T<Tinf2, 

the only possibihty for the function T to grow is on the left. Thus there exists a sequence 
{xn, yn)nm in R X cJ such that 

T{xn, Vn) — ^ +00 and x„ — t- —00 

as n — )■ +00. Since the function |VT|/T is globally bounded from standard elliptic esti- 
mates and the Harnack inequality up to the boundary, it follows that for each i? > 0, 

min T(a;, — 7- +CXO 

as n — )■ +00. Let also m = miiiy^u f{y, 1) > 0. We recall that the function u defined in 
(IT^ is concave and that i^(0) = 0. Therefore, there exist exactly two real numbers p± such 
that p_ < < p+ and 

Le^^i'{—p±Le) = Le^-'^p^ + cp± — m. 

We denote by ip± the two principal eigenf unctions of the problem (fT3|) with the values 
A = — p-i-Le, normalized so that, say, min-^ip^ = 1. The functions u±{x,y) = e''^^ip±{y) 
then satisfy 

he^^ /\u± + {c — u{y))u± X — rnu± = in fi, 

^ = ondn. 
on 

Fix now any R > and choose G N so that 

min T{x, y) > 1 

for all n > N. Then, as the function f{y,T) is increasing in the variable T, we have that 
f{y, T) > f{y,l) > m in [xn — R, Xn + -R] x cJ for all n > N. Whence, on the same domain, 

Le^^AF + (c - u{y))Yx -niY >0. 

The function Y also satisfies the Neumann boundary conditions on dQ. Furthermore, 
Y < 1 in Q. It then follows from the weak maximum principle that 

V(x,?/) G [xn -R,Xn + R]x uJ, Y{x,y) < e^+(^-^"-^V+(l/) + e^-^^-^^+^V-lz/)- 
Therefore, along the section x = Xn, the function Y is small: 

limsupmaxy(x„,?/) < max ( m_ax '?/'_|_ , m_ax -i/;. ) x (e~''+'^ + e''"^). 

Since R > can be chosen arbitrary, one concludes that Y{xn, .) — ?■ uniformly in uJ as 
n — )■ +00. 
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Let now e > be any positive real number, and N eN such that Y{xn,y) < e for all 
n > N and y G cJ. Since the function Y satisfies 

Le^'AY + (c - u{y))Y, = f{y, T)Y > 0, 

it follows from the weak maximum principle that 

Y{x,y) < e 

for all (a;, y) G [xn-, xat] x aJ and n > N such that a;„ < xat. Since x„ — )■ — cxd as n — t- +oo, 
one concludes that F < e in {—oo, xn]xuj. As F > 0, we finally obtain that Y{—oo, .) = 
uniformly in ?/ G cJ. 

We now use the same arguments as in Section We have just shown that Y{—oo, .) = 
0. Furthermore, since T < T, we know that there exist Co > and A > solution of 
A;(A) = cA such that T < Cqc"^^. As already shown in Section r2.5[ it then implies that 
there exist A, S > such that T < 'je^^ for all x < —A, which is in contradiction with 
T{xn, y-n) ~> +00 and x„ — oo as n — > +oo. 

We conclude that T is bounded. 

3.5 Behavior of the solution on the left 

It now only remains to show Tj;(— oo, .) = oo, .) = 0. In fact, we show that T and Y 
converge to constants as x — t- — oo. We will then conclude by standard elliptic estimates. 

Since T and Y are globally bounded, standard elliptic estimates and Harnack inequality 
imply that VT and VF are globally bounded as well. As in Section 12. ![ by integrating 
the equation ^ satisfied by Y over the domain (— A^, A^) x u where A^ > 0, we obtain 

l[he'\Y,{N, y) - Y,{-N, y)) + (c - u{y)){Y{N, y) - Y{-N, y))]dy 

(40) 

= /(-jv,7V)xa; /(^' ^(^' y Wi^^ y)dxdy. 
The left-hand side is then bounded independently of A^, whence 

/ f{y,T)Y 

Jn 

converges. Next, by multiplying the equation ([6]) satisfied by F by y itself, and integrating 
over the domain (— A^, A^) x for A^ > 0, we obtain 

jjLe~\Y,{N, y)Y{N, y) - Y,{-N, y))Y{-N, y) + \{c- u{y)){Y\N, y) - Y\-N, y))]dy 
= [ [f{y,Tix,y))Y\x,y) + Le-'\VY\yxdy. 

J(-N,N)xu) 
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The left-hand side is again bounded independently of A^, and so is the integral 

0< / f{y,T{x,y))Y'^{x,y)dxdy. 

J{~N,N)xuj 

Therefore, we have 

/ \VY{x,y)\'^dxdy < +00. (41) 
Jn 

Choose now any sequence {xk)ken — ^ —00 and define the translates 

Yk{x,y) = Y{xk + x,y). 

The functions are bounded in W^^^{^1) for all 1 < p < 00. Therefore, up to the 
extraction of a subsequence, the functions converge in Cl^^{Q) to a function Yoo. It 
follows from (HT]) that 1^00 is a constant. We now show that this constant does not depend 
on the choice of the subsequence. Recall that ^^(+00, .) = because Y converges to a 
constant as x — )■ +00 and from standard elliptic estimates. We set N = —Xk in (HOj) and 
pass to the limit /c — )• +00. This leads to 



n 



{c-u{y)){l-Y^)dy = / f{y,T{x,y))Y{x,y)dxdy, 
and, since u has zero average over u, 

c\u\{l-Yoo) = I f{y,T{x,y))Y{x,y)dxdy. 



Therefore, l^oo does not depend on the sequence (xfc)^^^. Thus, the limit Y{—oo, .) = 
exists and 00, .) = 0. 

Let us now prove that T(— 00, .) = Tx{—oo,.) = 0. We integrate the equation ([6] 
satisfied by T over (— A^, A^) x w for > 0. We obtain 

[{UN, y) - T,i-N, y)) + (c - w(y))(T(Ar, y) - Ti-N, y))]dy 



+ fiy,T{x,y))Y{x,y)dxdy= h{y,T{x,y))dxdy. 

J{-N,N)xu) J{-N,N)xu) 

The left-hand side is bounded independently of A^ (recall that T and are bounded) and 
the function h is nonnegative. Therefore, the integral 

hiy,T{x,y))dxdy 

Jn 

converges. 
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As in Section 12.21 we then show that 



J —{y,0)T{x,y)dxdy < +00, 



VT\'^dxdy < +00. 



We then conclude as in Section [22] that T(— 00, .) = and thus T^^—oo, .) = by standard 
elhptic estimates. 

The proof of Part (a) of Theorem [2] is now complete. □ 

4 Existence of fronts with minimal speed 

This section is dedicated to the proof of Part (b) of Theorem [2J Here, we will assume that 

sup(/i;,j(A) - A^) < 0. (42) 



It then follows immediately from the definition of c* that c* > 0. 

Before we begin the proof of Part (b) of Theorem |2l observe first that if the average of 
^{y,0) — ^{y,0) over u is less than 0, then condition (H2|) is satisfied. Indeed, for any 
A G M, by dividing by (px and integrating over u, it follows that 



^^kAX)<H-'J^{^{y,o)-^{yMdy 



because of 

Let us now compare the condition with the condition fihj{0) < 0. As we said 
in Remark [3l those hypotheses are equivalent in the case h independent of y. Otherwise, 
it depends on the flow u. Indeed, let first h be in the form h{T) = aT with a G 
such that fih,f{0) = 0. Such a h exists because, as one can easily check, yUo,/(0) < and 
HaTji^) = /^o,/(0) + a for all a G M+. Furthermore, from Section [H we know that 



/^fe,/(0) = - / u{y)(j)Q{y)dy, 

J Ul 

where 0o is a solution of 

dh df 
-Ay(j)o + { — {y,0) - —{y,0))(j)o = /i/i,/(O)0o in w, 

rl^. (43) 
on doj. 



dn 

with L'^{uj) norm equal to 1. Note that 0o is independent of u. Thus, if (pQ is not constant, 
which is equivalent to say that ^(y, 0) is not constant, a suitable choice of u allows us to 
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obtain any value for yU^j(O). For instance, we can choose u so that /x'^j(O) > 0, and then 
there exists A > such that 

fihjiX) - > 0. 

Besides, let the sequence {hn)nm defined by hn{T) = h{T) — = {a — for n G N 
large enough so that hn satisfies ([5]). It is straightforward to check that fJ^h^jW ~^ f^h,f{^) 
as — > +00, and that fih„j{^) < foi' all n E N. Thus, for a sufficiently large n, we have 
that ^h„j{0) < but fihnjW — A^ > 0, and those two conditions are not equivalent. 



4.1 Boundedness of a sequence of solutions for different speeds 

We first show the following general lemma, which holds without any hypothesis on fihj'- 

Lemma 1 Let (c„,T„,y„) be a sequence of solutions o/@-Q and @ such that < T„ 
and <Yn < 1 in Q for each n eN, and sup„ c„ < +oo. Then 

sup ||Tn||ioo(j^) < +00. 

n 

Proof. Under those hypotheses, since c„ > c* and Cn > for each n G N by Theorem [1], 
we have that the sequence c„ is bounded. Thus, up to extraction of a subsequence, one 
can assume that c„ — )■ Cqo G [max(c*, 0), +oo) as n — )■ +oo. 

Furthermore, Theorem [T] also implies that for each n G N, the function T„ is globally 
bounded. Assume now, for the sake of a contradiction, that the sequence (||T„||Loo(n))neN is 
not bounded. Up to extraction of a subsequence, one can assume that ||T„||2,oo(f7) — > +oo 
as — 7- +00. 

From the boundary conditions ([7]) and Theorem [H we know that each pair T„ satisfies 
T„(— oo, .) = T„(+cxD, .) = 0. Thus, each T„ attains a maximum inside the cylinder Q, and 
there exists a sequence of points y„) G Q such that 

Tn{Xn,yn) = UiaX T„ — )• +C>0 as 77. — )■ +00. 

n 

Up to extraction of another subsequence, we may assume that 7/„ — t- y^o G cJ as 77 — )■ +oo. 
Define now the normalized shifts 

Un{x,y) = '^^j^^. 

^ riKp^m yn ) 

Each function f/„ satisfies < f/^ < 1 in i7 and is a solution of 

ATT I / / \\TT I f{y^Tn{Xn,yn)Un) ^ n • O 

Af/„ + (C„ - u{y))Un,x H TfTj X Zn - QnUn = m f2, 

dUn 



dn 



on d^l. 
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where 

Zn{x,y) = Yn{x + Xn,y) 

is the shifted concentration, and 

Tn{x + Xn,y) 

We already saw in Section [5]T] that from the bounds on in (jSj), we have that the sequence 
{gn)n£n is bounded in L°°(f2) and thus, up to extraction of a subsequence, we can assume 
that Qn converges to a function g weakly in L^'*{Q) as n — )• +00. Furthermore, one can 
easily check that for all n G N and {x,y) G fi, we have gn{x,y) > ^(?/,0), whence g is 
nonnegative and positive on a set of positive measura. 



In order to pass to the limit as n — )■ +00, we now claim that 

\/K C Q compact, max Zn{x,y) — )■ as n — )■ +00. (44) 

Indeed, since y„, f{y,Tn)/Tn and h{y,Tn)/Tn are bounded in Q uniformly with respect to 
n G N, it follows from Harnack inequality up to the boundary that 

Tn{x + Xn, y) — +00 as n — i- +00 locally uniformly in (x, y) G Vt. (45) 

Then, let K be any compact set in fi, and a > 1 such that K C [—a + 1, a — 1] x cJ. Define 
also, for each n G N: 

M= sup |c„ — M(y)| < +CXD, 
nGN,j/gaJ 

and 

mn= min _/(y, Tn(x + x„, y)) G (0, +00). 

From (145|) and the fact that /(y, +00) = +00 uniformly in y G cJ, we have that nin +00 
as n — )■ +00. Define now, for each n G N, 



, _ -M + + 4Le-^m„ 

Ari ^ > U 

2Le~^ 

the positive solution of 

Le^U^ + MA„ - m„ = 0. 
Note that A„ — > +00 as n — > +00. Lastly, we define 
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We now show that Z,„ is a super-solution for the shifted concentration in the domain 
= {—0', cl) X ^- Both Zn and Z„ satisfy the Neumann boundary conditions on dfl while 

Z„(±a, .) < 1 < Zn{±a, .) in u. 

Inside the domain the function Z„ satisfies 

= Le~^AZn + icn-u{y))Zn,x-fiy,Tn{x+Xn,y))Zn < Lc"^ AZ„ + (c„ -m„Z„, 
while Zn satisfies 

Le"^AZ„ + (c„ - u{y))Zn,x - m^Zn < (Le^^A^ + MA„ - m„)Z„ = 0, 
owing to the definition of A„. The weak maximum principle then yields 

^ Zn < Zn 

in Via-, for each n G N. Since K C [—a + 1, a — 1] x uJ and A„ — )■ +oo as n — )■ -|-cxd, it follows 
from the definition of Zn that 

max Zn{x,y) < max Zn{x,y) — i- as n — )• +oo, 

and the proof of the claim fl44p is now complete. 

Lastly, we know that the functions Un are uniformly bounded (by 1) in L°°{Q), that 

r. ^ f{y,Tn{Xn,yn)Un) ^ Of f n\ ■ n 

< ^T7 ^ < ?7n < max — ?/,0 m fi, 

Tn{Xn,yn) oT yGuj dT 

and that the sequence {gn)nm is bounded in L°°(fi). Therefore, we can conclude by 
standard elliptic estimates that up to extraction of some subsequence, the functions f/„ 
converge as n — )■ +oo in W^^^{Q) weak for all 1 < p < +oo and strongly in Clg^{Q) to a 
function Uoo which satisfies 

Af/oo + (coo - u{y))Uoo,x - gUoo = inQ, 

— — = on oil. 

on 

Furthermore, < Uoo < 1 and ?7oo(0,?/oo) = 1- The strong maximum principle and the 
Hopf lemma then imply that Uoo = 1 in fi. This is a contradiction, since g is positive on 
a set of positive measura. The lemma is now proved. □ 
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4.2 Characterization of y(— oo, .) 

We now show the following lemma, which also holds without any hypothesis on fihj'- 

Lemma 2 Let {c,T,Y) be a solution of (0) and @ such that < T, < F < 1, 
T(— oo, .) = andY{—oo, .) exists. Then there exists /3 > such that f^h,Y^f{~f3) = cfS+P"^ 
where Yoo = y{—oo, .). 

Remark 4 Note that, by Theorem [H any solution of and (jlj) such that < T and 

< y < 1 satisfies this lemma. 

Proof of Lemma 2. By Harnack's inequality, we know that | VT|/T is globally bounded. 
Let 

p = lim sup max — -, 

x^-oo y^'^ T{x,y) 

and let us check that /9 satisfies the conclusion of the lemma. First, since T(— oo, .) = 
and T > 0, /3 is nonnegative. Let {xk,yk)k&N be a sequence of points in R x cJ such that 
Xk — )■ — oo and T^^Xk, yk)/T{xk, ?/a;) — )■ /3 as — )■ +oo, and set 

J [xk,yk) 

The functions Tk are locally bounded in Q, while the functions [x, y) i— ?■ T{xk + x, y) 
converge to locally uniformly as A; — )■ +oo. Therefore, the functions are bounded in 
all (H) for all 1 < p < +00 and converge, up to extraction of a subsequence, to a 
solution Too of 

df dh 
AT^ + {c-u{y))T^,x + {j^{y,0)Y^-—{y,0))T^ = in Q, 

dT 

^ = ondn. 
on 

One can also assume that — t- y^o G uJ. The nonnegative function Too satisfies Too(0, y^o) = 
1, whence Too > in Q from the strong maximum principle and Hopf lemma. Furthermore, 
the function 

/ \ ,j.^x, y) 

zix, y) = ^ 

Too{x,y) 

satisfies z < (3, z{0,yoc,) = P and 

VT 

Az + 2—^.Wz + {c-u{y))zx = in fi, 

^ = ondn. 
on 
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The strong maximum principle and Hopf lemma then yield z = P in Q. In other words, 
there exists a positive function in cJ such that T^{x,y) = e^^(j){y). The function (j) 
satisfies 

df dh 
A0 + /3V + /3(c-M(y))0 + ^(l/, 0)^000 -^(y, 0)0 = ino;, 

^'^ (^ ^ 
— = (J on ou. 

on 

By uniqueness of the principal eigenvalue for problem ([9]), one can concludes that fJ'h,Yacf{~f^) 
cf3 + The proof of the lemma is now complete. □ 

Let now 0_/3 be the principal eigenfunction of ([9]) normalized so that ||0-;3||L2(a;) = 1- 
One can easily check that 

f^h,Y^f{-/3) < lihA-P) + jjl - no)^(l/, O)0%(2/)rf|/, 

and thus 

Yoo J^^{y,0)<j>l^{y)dy < ^,^^(-/3)-c/3-/32 + ^^(y,O)0%(i/)di/ 

< f,,j(0) + l^^{y,0)<p'_^{y)dy, 

where the last inequality follows from the concavity of yU/ij: indeed, for c > c*, we have 
that c > fi'f^ /(O)) ^'^d thus /i/jj(A) — (A^ — cA) < fihji^) for all A > 0. Note that we already 
know that 1^ < 1- Nevertheless, when fih f{0) < 0, we have obtained here a new a priori 
upper bound on Y^o, that is 

Y^<a*:=l+ <1. (46) 

^{y,0)<P%{y)dy 



Remark 5 We could also use the fact that < c/3 + = IJ^hy^fi—P) and IJ'h,Yoofi.~P) ^ 
l^l^^ J^i^iy, 0) — Yoo§j^{y, 0))dy to obtain a more explicit upper bound on Y^o, that is 

/ §(^,o)d. 
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4.3 Proof of part (b) of Theorem [2] 

We now assume that snpxeRif^hji^) — A^) < 0. Note first that it immediately follows from 
elementary geometric considerations that c* > 0. To prove the existence of a non trivial 
travelling front solution with speed c*, we use an approximation by a sequence of fronts 
with speeds larger than c* that we have already constructed. 

To do this, let (c„)„gN be a sequence of speeds such that c„ > c* for all n, and such 
that 

C„ — J- C* as 72 — 7- +00. 

It follows from the results of Section 12] that for each n, there exists a bounded solution 
(Tn, Yn) of ©-([Tj) and (j4]) with the speed c = Cn, such that > and < < 1 in fi. 
According to (|7]) and Theorem [H we have 

T„(+oo, .) = and F„(+oo, .) = 1, 

T„(-cx), = and F„(-cx), .) = F„,oo e (0, 1). 
It also follows from Lemma [1] that there exists a constant M > such that 

yn G N, y{x, y) G n, < Tn{x, y) < M. (47) 

As we have mentioned, our strategy is to pass to the limit as n — )■ +cxo, in order to get a 
solution of dS])-© and (jl]) with the speed c = c*. Any shift of the travelling wave (T„, Y^) 
in the variable x along the cylinder is, of course, also a travelling wave, and the main 
technical difficulty here is to shift suitably the functions (T„, Yn) so that the limit pair is 
non-trivial and satisfies the correct limiting conditions at infinity. For that we have to 
identify a region where both T„ and Yn are uniformly not very fiat. 

Locating the interface 

Let a* defined in (H^ . For each a G (a*, 1), and n G N, we define 

= min{x G M, F„ > a in [x, +oo) x uj}. 

Since the functions Yn are continuous in fi, satisfy y„(+cxD, .) = 1 and oo, .) < a* by 
( H6|) . the real numbers are well-defined. Moreover, x^ is nondecreasing in a G (a*, 1) for 
each fixed n. Observe that, also, 

{F„ > a in [x^, +oo) x cJ, 
mmYn{Xn, .) = a. 

Since y„(+oo, .) = 1, we have 

II Vyri||LooQ^a^^oo)xZJ) > 0. 
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Furthermore, since |Vy„(a;,|/)| — ?■ as a; — ?■ +00 uniformly in ?/ G w, the points 
xl = mm{x e [xl,+oo), 3y G uJ, |VF„(a;,y)| = \\VYn\\Loo(^[^a^+oc)xzj)} 
are well-defined. 

We now introduce the following lemma, that shows that to the right of there are 
regions where y„ are uniformly non too fiat. 

Lemma 3 For all a G (a*, 1), we have 

inf ||Vyn|U°°([x",+oo)x;:j) > 0. 

The proof of this lemma is postponed until the end of the section. 

Normalization of (T„, y„) and passage to the limit 

Let us now complete the proof of the existence of a non-trivial bounded solution (T, Y) of 
dHD-dZD and (HD with the speed c = c*. 

Choose now any a G (a*, 1) and let y'^ be a sequence of points in cJ such that 

|vy„(x", = II vf„||l°°([x^,+oo)xw) 

for all n G N. Up to extraction of a subsequence, one can assume that the sequence y!^ 
converges to a point y"' G cJ. Lemma [3] implies that 

inf|Vy.(x^,y::)| >0. (48) 

n 

For each n and (x, y) G f2, define the shifted functions 

T:ix,y) = Tr,ix + xly), 

Y:ix,y) = Yr,ix + xly). 

Recall that both T„ and Yn are uniformly bounded in Q, independently of n (that is (H7j) ). 
By standard elliptic estimates up to the boundary, these functions, as well as the shifts 
and Y^ are also bounded in C^'"(f2), uniformly in n. Up to extraction of a subsequence, 
one can assume that the sequence (T^, Y^) converges to a function (T", Y"-) in Ci^^{fl) as 
n — )► +00. Passing to the limit, we conclude that the pair {T"',Y"') satisfies 



AT'^ + ic* -u{y))T^ + f{y,T^)Y^-h{y,T'') = in fi, 
Le-^AY^ + {c* -u{y))Y^ - f{y,T'')Y'' = inVl, 

with the Neumann boundary conditions on dQ 

dT" _dY'' _^ 
dn dn ' 
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(49) 



and they obey the uniform bounds < < M and < < 1 in fi. Furthermore, 
imphes that 

|VF"(0,y'')| > 0. (50) 

Thus, is not a constant. By the strong maximum principle and Hopf lemma, we can 
conlude that < < 1 in fi, and Y"- is non-trivial. 

Let us now check that > 0. Otherwise, if vanishes somewhere in Q, then it is 
identically equal to by the strong maximum principle and Hopf Lemma. In that case, 
the function Y"" would satisfy 

Le-^AY^' + ic* -u{y))Y^ = in Q, 

dY- (51) 
— — = on oil. 
on 

We apply now the same method as in Sections 12.11 and 13.51 If we multiply (ISTl) by Y"', 
integrate over a finite cylinder {—A, A) x u and pass to the limit as A — )■ +oo, we would 
obtain that the integral 

|yya|2 



n 

is finite. Then, for a sequence An — )■ +oo, the shifted functions Y"'{±An + x,y) would 
converge in Ci^^{Q) to two constants Y^ G [0,1]. Integrating fl5T]) over the cylinder 
{—An, An) X u and passing to the limit as n — t- +oo then yield that 

c*{Y^-Y^) = 0, 

that is 

Finally, once again, multiplying fl5T]) by F", integrating over the cylinder {—An, An) x u 
and passing to the limit as ri — +oo imply that 

ivy'p = 0, 



which contradicts flSU|) . We conclude that T° > in Vl. 



The limits at infinity 

It only remains to show that and Y"- attain the correct limits at infinity. As before, we 
can show that the integrals 

/ /(l/,nF^ / ^(2/,0)n / iVT'^pand ! \yY^\^ 
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converge. Therefore, for any sequence An — )■ +00, there exists a subsequence such that 
the functions T"(x ± An,y) and Y°-{x ± An,y) converge in Cf^^{Q) as n — t- +00 to some 
nonnegative constants T± and Y±. We then have that 



thus T-t = independent of the sequence {An)nen, and T°'{x, y) — as a; — ?■ ±00 uniformly 
in y G cJ. By standard elhptic estimates, we also have that T^(— 00, .) = 0. 

Furthermore, let {An)neN and be two sequences which converge to +00 as 

n — )• +00, and such that y+ := lim„ + An, y) and YL := lim„ — -B„, y) are well- 
defined. By integrating the equation (149|) satisfied by over the domain {—Bn, An) x u 
and passing to the limit n — )■ +00, we obtain 



If we fix the sequence we see that y+ does not depend on the choice of the sequence 

{An)nm- Symmetrically, we have that YL does not depend on the choice of {Bn)neN- By 
standard elliptic estimates, we also deduce that Kj'^(±oo, .) = 0. 

We will now show that = 1. We first claim that the sequence z!^ = — is 
bounded. Otherwise, up to extraction of another subsequence, we would have Zn — ?■ +c>o 
as — 7- +00. Thus, for each (x, y) G Q, we would have x + Xn > for sufficiently large n, 
and so 



for sufficiently large n. This would imply that Y°-[x, y) > a > a* in Q. But 00, .) < a* 
from the calculations in Section 14. 2[ which leads to a contradiction. 

Let now b be any real number in (a, 1). As in the previous argument, the shifted 
functions 



converge in Cf^^{Q) as n — > +00, up to extraction of a subsequence, to a pair (T'', Y^) of 
solutions of f l49p with b instead of a, such that Y^{—oo, .) < a* from the calculations in 
Section 14.21 We claim that the sequence (x^ — Xn)nm is bounded. Indeed, as we know 
that the sequence 2;^ = x^ — x^ is bounded, if the sequence (x^ — x^) is unbounded, then 
the sequence of nonnegative numbers (x^ — x^) would be unbounded, which would imply 
that (—00, .) > a > a*. This is a contradiction. 

Therefore, the sequence (x^ — x^) is also bounded, and there exists > (which 
depends on a and b but not on n) such that x^ — x^ < for all n. However, for each 
(x, y) G [A^, +00) X CO, we have then x + x^ > x^ and thus 





Y:{x,y) = Yn{x + xly)>a 



T^{x,y)=Tn{x + xly), Y^{x,y) = Yn{x + xly) 



Y:{x,y) = Yn{x + xly)>b 
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for all n. As a consequence, we have that y"(+oo, .) > h. 

Since h was arbitrarily chosen in (a, 1) and since y"(+oo, .) < 1, we conclude that 
y"(+oo, .) = 1. This completes the proof of Theorem [2j □ 



4.4 Proof of lemma [3] 

Assume by contradiction that the conclusion of lemma [3] does not hold for a real number 
a G (a*,l). As II VF„||Loo([3,a _,_oo)xw) is positive for each n G N, up to extraction of a 
subsequence, one can then assume without loss of generality that 

\\^yn\\L^{[x-,+oo)xi:}) ^ as n ^ +oo. (52) 



Temperature is small on the right 

We first claim that in this case, the "temperature interface" is located far to the left of the 
"concentration interface", that is, we have 

\\Tn\\L^{[x^,+oo)xuj) as n ^ +00. (53) 

Indeed, assume now that (I52p holds and ( 15 3 p does not. Then there exist £ > and a 
sequence {xn,yn)n&^ in ^ such that 

Xn > a;^ and Tn{xn, Vn) > ^ for all n G N. 

Up to extraction of a subsequence, we can assume that ?/„ — )■ G cJ as n — )■ +oo. The 
standard elliptic estimates imply that the sequence of shifted functions T„(x + Xn,y) and 
Yn{x + Xn,y) converge in Cfg^{Q), up to extraction of some subsequence, to a pair {T,Y) 
of solutions of f H9|) . Furthermore, T and Y satisfy 

<Y <1,0 <T < M inn, 

Y >a>0, \VY\ = in [0, +oo) x cJ, 

and T(0, yoo) > £■ The strong maximum principle and Hopf lemma then imply that T > 
and Y > in Q. This is a contradiction because y is a constant in [0, +oo) x ZJ and thus 
has to satisfy f{y,T)Y = in the same domain. 



Temperature decays exponentially on the right 

We then claim that under assumptions (132]) and hence (1531) . T„ decays exponentially uni- 
formly to the right of that is: there exist a positive number A > 0, an integer N and 
A > so that for all n > N and all {x, y) G [x*^ + A, +oo) x oJ we have 
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As T„ > 0, while F„, f{y,Tn)/Tn and h{y,Tn)/Tn are bounded independently of n, and 
{Tn, Yn) satisfy with the speeds c„ which are uniformly bounded (since c„ — )■ c* as 
n — )■ +cxd), it follows from standard elliptic estimates and the Harnack inequality that 
the functions iVTnl/Tn are uniformly bounded in Q. Assume now that the claim (15^ 
does not hold. Then, after extraction of a subsequence, there exists a sequence of points 

i^n, Un) € [^n) +Oo) X cJ SUch that 

lim {xn — x'^) = +00 (55) 

ra— )-+oo 

and 

liminf ^"'"^^"'^"^ >0. (56) 
Set the normalized and shifted temperature 

Tn{x + Xn,y) 



Un{x,y) 



for all n and {x, y) G Q. Up to extraction of another subsequence, one can assume that 
Vn Voo G cJ as n — 7- +00. The functions f/„ satisfy 

ATT , / ( WTT , f (y ^ TniXn, yn)Un) „ h{y ,Tn{Xn, yn)Un) „ . ^ 

AUn + (C„ - u{y))Un,x + x 1^, n = m Vt, 

-'■nyXn^ynJ ^n\Xmyn) 

dUn 



dn 



on dVl, 



where Zn{x,y) = Yn{x + Xn,y) is the shifted concentration. The sequence f/„ is bounded 
in L^^(f2) and in W^^^{Q) (for all 1 < p < +00) while Tn{xn,yn) — )• as n — )■ +00, as can 
be seen from ( 153|) because x„ > xf^. On the other hand, the sequence of functions Z„ are 
globally bounded in C^'"(f2). Hence, up to extraction of a subsequence, the functions Z„ 
converge to a function Z in Cf^^{Q) as n — )■ +00. But (I52p and f l55p imply that Z is a 
constant. Furthermore, since a < F„ < 1 in [x^, +00) x cJ, the constant Z is such that 

< a < Z <1. 

As a consequence, up to extraction of another subsequence, the positive functions f/„ 
converge in all W^^^{Q,) weak (for 1 < p < +00) to a classical nonnegative solution U of 

9f dh 
AU + ic*-u{y))U, + ^{y,0))ZU-—{y,0)U = in Q, 

dU 

— = on on. 

on 

Furthermore, we have that [/(0,?/oo) = 1 while (156|) implies 

U{0,y^) - 
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It follows from the strong maximum principle and the Hopf lemma that U > in Q, and 
it follows from standard elliptic estimates and the Harnack inequality that the function 
IVUI/U is bounded in Q. Let (x^,?/^)„gN be a sequence of points in Q such that 

— r > sup — =: M > as n — )■ +00. 

U{x'^,y'J n U 

Up to extraction of a subsequence, one can assume that y'^ — i- y'^ as n — )■ +00. Next, with 
the same arguments as above, the functions 

U{x + x'^,y) 

are bounded in Cf^^iVt) independently of n and converge in Cf^^iVt), up to extraction of 
some subsequence, to a nonnegative function V solving the same linear equation as U . 
Furthermore, we have that ^(0,?/^) = 1. Therefore, by the strong maximum principle 
and the Hopf lemma, V is positive in VL. Moreover, we have 

^ < M in n and M^l^ = M. 
V - V{Q,y'J 

However, one can easily check that the function Vx/V satisfies a linear elliptic equation in 
VL without the zeroth-order term, together with the Neumann boundary condition on dVL. 
Since Vx/V attains its maximum at the point (0,?/^), the maximum principle implies that 
Vx/V is identically equal to M in VL. In other words, there exists a positive function (j){y) 
such that V{x^y) = e*^^0(y) in Q. It follows that the function satisfies 

2 df dh 

A0 + M + M(c*-M(y))0+-^(y,O)Z0-— (y,O)0 = incJ, 

— = U on ouj. 
on 

By uniqueness of the principal eigenvalue for ([H]), we conclude that 



Recall that M > and c* > 0. Hence, as in section W72\ it implies that Z < a*. But we 
saw that Z > a > a* . One has then reached a contradiction which shows that ( 15^ must 
hold. 

A sub-solution for F„ 

We have just shown that for all n > and (a;, y) G [x^ + A, +00) x cJ, we have 
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The last inequality above follows from f H7|) . On the other hand, for all x G [x", + A] we 
have that e"'^'-^'"^"^'^-' > 1. Then the above inequality holds in the whole half-strip x > x°^: 

\/n > N, V(x, y) G K, +00) x a;, < T„(x, y) < Me-^^^-^"^). (57) 

We apply the same strategy as in Section 13.11 we use the above exponential bound for 
temperature to create a sub-solution for y„. First, since z/(0) = z^'(O) = < c*, one can 
choose P > small enough so that 

< /3 < A, , . 

i/(/3Le) -(3^ + c*(3Le > 0, ^ ^ 

and 7 > large enough so that 
7 X nnnV'/3Le > 1, 

7Le-i(z/(/3Le) -/32 + c*/3Le) x min^^i^, > ma_x 0)Me^^, ^^^^ 

where '?/'/3Le denotes the positive principal eigenfunction of (fT3|) with parameter /3Le. For 
each n > N, we define 

Y^{x,y) = max(0, 1 - 7^/3Le(z/)e-^("-"")) 

for all (x, ?/) G fi. Each function satisfies the Neumann boundary conditions on dQ, 
while < F„ < 1 and ll„(-l-oo, .) = F„(+oo,.) = 1 uniformly in cJ. In addition, it follows 
from (I59D that 

= in (-00, x^] X uj. 

Therefore, in the region where Y_^{x,y) > 0, we have x > xj^ and thus there satisfies 

> 7Le-i(z/(/3Le) - /J^ + c„/3Le)V^;3Le(l/)e-''(^-<) - ^{y, 0)Me-^(^-<-^) 

> 7Le-^(z/(/3Le) - /J^ + c* /3Le)ijpi^^{y)e-^'^''-<^ - ■^{y,0)Me^\-^^''-<^ > 0, 

because / of the KPP-type, c„ > c* and from (157|) -( 159|) . As f{y,Tn) > 0, it then follows 
from the weak maximum principle that 

Wn > N, V(x,t/) G K, +00) X ZJ, K(x,y) > Y^{x,y) > 1 - 7V'/3Le(l/)e-''("-<\ 

In particular, there exists Lq > independent of n so that we have Yn{x'^ + Lo,y) > 
(1 + a)/2 for all y However, since minjjy„(x", ?/) = a < 1 for all n, we finally reach a 
contradiction to our assumption f l52p . This completes the proof of Lemma El □ 
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5 Criteria for flame extinction, blow-off or propagation 



This section will deal with the proof of Theorem |3] and will be divided in two parts. The first 
part will treat of both flame extinction and blow-off, which rely on the same method, that 
is the search for a suitable supersolution for temperature. The case of flame propagation 
will be treated separately and will use the same method as in Section E] to construct not 
only a supersolution but also a sub-solution. 



5.1 Flame extinction and blow-off 

Let (T, Y) be the solution of the Cauchy problem defined by ([2D-(111) with an initial profile 
(To, Yo) verifying ([HD, and let A > 0, C > such that 

To{x,y) < Ce-^"" in R+ x u. 

Moreover, we have that Tq is bounded. Therefore, by increasing C, we can assume without 
loss of generality that we also have Tq <C m the entire domain Vl. 

We then observe that < T(t, x, y) and < F (t, x,y) <1 for all t > and (a;, y) E Q 
as follows from the maximum principle. Therefore, it is straightforward to check that 
< T{t, X, y) < X, y) for all t > and (x, y) G Q, where $ is any solution of 



$t + u{y)^, >A^ + §{y, 0)$ - §(y, 0)$ for t > and (x, y) G , . 

If = for t > and (x, y) e dQ, ^ ' 



provided that To{x,y) < ^{0,x,y) for all {x,y) G fl. 
If Hhj{0) > 0, we choose the function 

^t,y) = Ce-^^'f^''^'My), 

where 0o is the positive eigenfunction of ([9]) with parameter 0, normalized so that min^j^o = 1- 
Such a $ indeed satisfies (160|) . and we have that Tq < C < $(0,?/), which proves part (a) 
of Theorem [31 Notice that here, we only used the fact that Tq is bounded. 

We now assume that there exists rj G (0, A] such that fih f{r]) — 77^ > 0. Let us look for 
the supersolution $ in the form 

$(t,x,y) = Ce-'^(^+^*)0,(t/), 

where 7 > is to be determined. Note that the fact that rj < X and the above bounds 
on Tq guarantees that To{x,y) < $(0,x, ?/) for all {x,y) G Q regardless of the choice of 7. 
Insert now the expression of $ in (160|) and obtain that we need 



df dh 
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This is true if and only if 

Since the right-hand side is positive, this inequahty holds for some small 7 > 0, which 
concludes the proof of part (b) of Theorem |3l 

5.2 Propagation 

Let (T, Y) be the solution of the Cauchy problem defined by ©-(111) with an initial profile 
(To, Yq) verifying ([8]), that is there exists A, A' > 0, and Ci, C2, C3 > such that 

< To, To is bounded, < Fo < 1, 

Cie-^^ < To(x, y) < Cac"^^ in M+ x cJ, (61) 

1 - Yo{x, y) < Cge-^'^ in M+ x U. 

We assume that fihj{0) < 0, thus c* and A* are well defined. We also assume that 
k{X) = A^ — ^hj{X) > 0, which implies that c := k{X)/X > 0. Lastly, it follows from the 
hypothesis A < A* that c > c* (recall that k{s) = cs has no positive solution for c < c* 
and only one for c = c*, which is A*), and that A is the smallest positive root of k{s) = cs 
(recall that k{s) = cs has two positive solutions Ai, A2 for c > c*, with Ai < A* < A2). 

As before, the maximum principle implies that < T(t, x, y) and < Y{t, x,y) < 1 for 
all t > and {x, y) e fl. We now proceed as in Section |3] in order to construct sub- and 
super-solutions for T that both move to speed c. 

First, we define the function 

T(t,x,y) = Ce-^(^-^*VA(l/)>0, 

where C > to be determined, and (px is the positive principal eigenfunction of (Q with 
parameter A, normalized so that ||0a||l°°{w) = 1- The function T satisfies the Neumann 
boundary conditions on dQ and 

— — — df — dh — — — — 

T, + u{y)T, = AT + ^{y, 0)T - —{y, 0)T > AT + f{y, T)Y - h{y, T), 

for all t > and (x, y) G fl. Furthermore, it follows from (1611) that we can choose C large 
enough so that TQ{x,y) < T{0,x,y) for all {x,y) G Q. Therefore, we have 

T{t,x,y) < T{t,x,y) 

for all t > and {x,y) G Q. This implies in particular that for {x,y) G Q and c' > c, we 
have 

T{t,x + c't, y) < Ce-^(^+^'*-"*) ^ as t ^ +00. 
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It now remains to find G M and a{xQ, y) > such that T{t, xq + ct, y) > a{xQ, y) for all 
t > 1 and y E ZJ. To do this, we search for a suitable sub-solution, as announced above. 
Let first, as in Section ISTTl /3 > be small enough so that 

< /3 < A, 

z/(/3Le) -I3^ + c/3Le > 0, 
and 7 > large enough so that 

7 X niin^/3Le > 1, 

df 

jLe~\u{(3Le) ~ (3^ + c/3Le) x niin?/;^Le > Cmax— (j/,0), 

to y&uj Oi 

where ipphe is the positive eigenfunction of (fT3|) with A = /3Le, normalized so that ||'?/'/3Le||L°°(w) 
1. Let Y_ be defined by 

y) = max(0, 1 - 7^/3Le(z/)e-''("-^*^ 

Note that F = for x < ct. Moreover, Y_ satisfies the Neumann boundary conditions on 
dVt and when H > 0, then x > ct and 

Y, - Le-'AY + u{y)Y^ + f{y, T)Z 
<Y,- Le-'AY + u{y)Zr + fiv, T)Y 

< -7Le-i(z/(/3Le) - /^^ + c/3Le)V;^Le(l/)e-^(^"^*) + ^{y, O)C0,(i/)e-^(^-^*) 

< -7Le-i(z/(/3Le) -(3^ + c(3Le)i;pUy)e-^^'-''^ + ^{y, 0)Ce-''(^-^*) < 0. 
The maximum principle then implies that 

Y{t,x,y)>Y{t,x,y) 

for alH > and (x, y) G Q, provided that 

l^o(x,i/)>l-7^^/3Le(z/)e-^^ 

which indeed holds for f3 < X' and 7 x min^j-i/'^Le > C3 (this is possible since /3 could be 
chosen arbitrarily small and 7 arbitrarily large). 

Lastly, as in Section [XT] the fact that A is the smallest positive root of k{s) = cs allows 
us to choose 77 > small enough so that 

< ?7 < min(/3, aA), 
e ■= c{X + r]) - k{X + r]) > 0, 
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where a > such that /(y, .) and h{y, .) are of class C^'"([0, Sq]) for some Sq > uniformly 
in y e a;. Let M > such that 

f{y,s)>%{y,Q)s-Ms'+", 

^4 for all s G [0, So] ^-nd for all y G a;. 

My,«)<^(?/,o)s + Ms^+^ 

Now take ^ > sufficiently large so that 

Y_{t, X, y) = 1 - jipfiLe{y)^~^^^~'^^^ when x - ct > ^. 

Next, let 5 > large enough so that 

0A(y)e-^(^"^*) - 5(/.A+^(y)e-(^+'')(^-'^*) < sq for alH > and {x,y) G H, 
(/.,(y)e-^(--^*) - 5(/.,+,(y)e-(^+'')(--'^*) < when x - ct < (gg) 

Se X niin 0Ac+»7 > 7 max ^ (y, 0) + 2M. 
We then define 

T{t,x,y) = C"max(0,(/.A(y)e-^(^-^*) - (5(/.A+,(y)e-(^+'')(^-'^*)) , 

where C G (0, 1) to be determined. Note first that < T < Sq in Q, and T = 
when X — ct < ^. Thus, if T(a;, y) > 0, then x — ct > > and < Y_{t, x, y) — 

Then, in that case, we have: 

T, - AT + u{y)T^ - f{y,T)Y + /i(y,T) 

< T, - AT + u{y)T, - f{y, T)Y + h{y, T) 

<T,-AT + u{y)T^ - (^(y, 0)T - MT^+")(1 - 7V^^Le(z/)e-^(^-^*)) + ^(y, 0)r + Mr^+" 

< 5C"(A;(A + r/) - c(A + r7))0,+,(y)e-(^+'')(^-'^*) + ^(y, 0)7i:V/3Le(?/)e-^(^-^*) + 2Mr^+'^ 

< -feC>;,+^(y)e-(^+'')(^-'=*) + ^(y,0)(:7'7e-(^+^)(^-'=*) + 2M(:7'e-^(^+")(^-'=*) 

< C"(-fe0A+,(y) + ^(y, 0)7 + 2M)e-(^+'')(--'^*) < 0. 

Moreover, the function T satisfies the Neumann boundary conditions on BVt. In order to 
apply the maximum principle, it now remains to check that TQ{x,y) > T_{0,x,y) for all 
{x,y) G Q. Indeed, for x < ^, then T{0,x,y) = < To(a;,y). On the other hand, for 
X > ^ > 0, we have that ro(a;,y) > Cie"^^ > C"0A(2/)e~^'' > T{0,x,y), provided that 
C < Ci. Therefore, it follows from the maximum principle that 

T{t,x,y) > T{t,x,y) 
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for all t > and (x, y) G Vt. Let now a^o G K such that 

a(xo,2/) := (/>A(y)e-""'« - 50A+r,(y)e- > 

for all y Euj. We then have that T(t, xq + ct, y) > T_{t, Xq + ct, y) = a{xo, y) > 0, which 
concludes the proof of part (c) of Theorem [31 □ 
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